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Abstract. We study symplectic structures on filiform Lie algebras — nilpotcnt 
Lie algebras of the maximal length of the descending central sequence. There 
are two basic examples of symplectic Z>o-graded filiform Lie algebras defined 
by their basises ei, . . . , e^k and structure relations 

1) mo(2fc) : [ei,ei] = e i+1 , i = 2, . . . ,2k-l. 

2) V 2fc : [e»,ej] = (j-i)e i+ j, i+j < 2k. 

Let g be a symplectic filiform Lie algebra and dimg = 2k > 12. Then g is 
isomorphic to some Z>o-filtered deformation either of mo(2fc) or of V2k- In the 
present article we classify Z>o-filtered deformations of V n , i.e., Lie algebras 
with structure relations of the following form: 

!=i 

Namely we prove that for n > 16 the moduli space Ai n of these algebras can 
be identified with the orbit space of the following K* -action on K 5 : 

a -kX = (a n - 11 x 1 ,a n - 10 x 2 , . . . ,a"- 7 x 5 ),a G K*, X G ¥J' . 

For n = 2k the subspace M^_ mpl C M2k of symplectic Lie algebras is deter- 
mined by equation x\ = 0. A table with the structure constants of symplecto- 
isomorphism classes in M a ^ nvl is presented. 



Introduction 

Nilmanifolds M = G/T (compact homogeneous spaces of nilpotent Lie groups G 
over lattices T) are important examples of symplectic manifolds that do not admit 
Kahler structures. An interesting family of graded symplectic nilpotent Lie alge- 
bras \>2k (and corresponding family of nilmanifolds M n ) was considered in pQ, [2], 
[2]. The finite dimensional Lie algebras V n , that are defined by the commutating 
relations [e^e^] = (j—i)ei+j, i+j < n, "came" from the infinite dimensional Vira- 
soro algebra and they are examples of so-called filiform Lie algebras - nilpotent Lie 
algebras g with the maximal length s= dimg— 1 of the descending central sequence 
of g. The study of filiform Lie algebras was started by M. Vergne in [22, |23| . 

The classification of symplectic filiform Lie algebras of dimensions < 10 was 
discussed in ^D], ^J. The present paper is the continuation of [Till, where a 
criterion of the existence of a symplectic structure on a filiform Lie algebra g was 
proposed. In particular in a symplectic filiform g = L 1 q one can find the ideal 
L 2 g of codimension 1 such that the sequence of ideals L l g,i — 1, . . . ,2k, where 
L l g = C l ~ 1 g, i = 3, . . . , n ({C l g} are the ideals of the descending central sequence 
C of g) determines a decreasing filtration L of the Lie algebra g. The associated 
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graded Lie algebra gr L g is symplectic also. The graded filiform algebras of the type 
gr L g were classified in JH]) There are two one-parameter families of graded 

symplectic filiform Lie algebras of dimensions 8, 10. But if gr L Q is a symplectic 
filiform Lie algebra with dimg = 2k > 12 then gr L g is isomorphic either to mo(2fc) 
or to V2fe- In other words in dimensions 2k > 12 one can obtain symplectic filiform 
Lie algebras as special deformations (that we call Z>o-filtered deformations) of two 
graded Lie algebras: mo(2fc) and V 2 k- 

We classify Z>o-filtered deformations of V n , i.e., Lie algebras with the structure 
relations of the following form: 

[e», ej] = (j-i)e i+j + 4j e i+j+l> i + 3 < «• 

We compute in the Section the space H 2 (V n , V„) for n > 12. To the Z>o-filtered 
deformations corresponds the subspace ©>o-ff( 2 ) (V„, V„). The main theorem 17.91 of 
the present article asserts that for n > 16 the moduli space M n (i-e. the set of 
isomorphism classes) of these algebras can be identified with the orbit space of the 
following K*-action on K 5 = ® >0 H?JV n , V„): 

a*X= {a n ~ 11 x 1 ,a n ~ 10 x 2 , a n ~ 7 x 5 ),a 6 IK*, lei 5 , 

where the coordinates x\, . . . , x& of the space K 5 = (ByoH^ (V„, V„) are defined by 
the choice of the basic cocycles ip n ,t2-i,i — 1, ■ • ■ , 5. 

For n = 2k the subspace M s ^ nvl C M.2k of symplectic Lie algebras is determined 
by equation x\ — 0. A table with structure constants of symplecto-isomorphism 
classes in M. l !^ npl is presented in the Section 9. 

1. Invariant symplectic structures on Lie groups 

Definition 1.1. A Lie group G is said to have a left-invariant symplectic structure 
if it has a left-invariant non-degenerate closed 2-form u>. 

Example 1.2. G is a two-dimensional abelian Lie group R 2 with coordinates x,y 
and u> = dx A dy. 

Example 1.3. G is a direct product H3 x I of the Heisenberg group TC3 of all 
matrices of the form 

1 x z \ 

1 y , x,y,z el, 
1/ 

and abelian M (with coordinate t). The invariant symplectic form u> is defined as 

lo = dx A (dz — xdy) + dy A dt. 

Theorem 1.4 (B.-Y. Chu, 4 ). Any semisimle Lie group has no left-invariant 
symplectic structure. 

Theorem 1.5 (B.-Y. Chu, 4 ). A connected unimodular Lie group admitting a 
left- invariant symplectic structure must to be solvable. 

One can obtain examples of left-invariant symplectic structures in the framework 
of Kirillov's orbit method. 

Let us consider the coadjoint action Ad* of a Lie group G on the dual q* of its 
Lie algebra 9: 

(Ad*(g)f)(X) = /(Adig-^X), VY e 0, 
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where g E G, / G g*. The orbit Of of this action has a homogeneous symplectic 
structure loo s such that 

T/K) = df, 

where 717 denotes the natural mapping 7T/ : G — > Of,iTf(g) — Ad*(g)f. Let the 
stabilizer G/ = {.g E G\Ad*(g)f = /} of / e g* be a normal subgroup of G then 
the orbit Of can be identified with the quotient group G/G/ and the corresponding 
symplectic structure u>o f is left G/G/-invariant. If G is a nilpotent Lie group then 
nilpotent ones are G/ and G/G/. 

Definition 1.6. A skew-symmetric non-degenerate bilinear form u on the Lie 
algebra g is called symplectic if it closed, i.e. 

uj([x,y},z) +w([y,z],x) +uj([z,y],x) = 0, Vx,y,z E g. 

If ojq is a left-invariant symplectic form on G, then log defines a symplectic 
structure lo b on the Lie algebra g of G, and conversely any symplectic form lo b of g 
defines a left-invariant symplectic structure on G. 

Lemma 1.7 (A. Medina, P. Revoy £et g be a symplectic Lie algebra with 

non-trivial center Z(g) and I be a one- dimensional subspace in Z{g) and 1^ its 
symplectic complement with respect to to. Then one can consider two following 
exact sequences of Lie algebras and their homomorphisms 

^ I -» I u -» -> 

7" g -> fl/J^SJ -> 

where I u /I is symplectic Lie algebra (the restriction of lo to I" defines symplectic 
form Co on the quotient- algebra 

In other words 2fc-dimensional symplectic Lie algebra g with non-trivial center 
can be obtained from 2k— 2-dimensional symplectic I" /I by means of two conse- 
qutive operations: 

1) one-dimensional central extension of I u /I by /; 

2) semidirect product of and one-dimensional g/I^ = I. 

The combination of these two operations is called the double extension of sym- 
plectic Lie algebra I u /I. 

Theorem 1.8 (A. Medina, P. Revoy |15)L Symplectic nilpotent Lie algebras can 
be obtained by means of the sequence of consecutive double extensions starting with 
trivial Lie algebra of zero dimension. 

The even-dimensional nilpotent Lie algebras are classified for dimensions 2k < 6 
( [201 )■ The classification of symplectic 6-dimensional nilpotent Lie algebras based 
on this classification was done in 

2. Filiform Lie algebras 

The sequence of ideals of a Lie algebra g 

C'g^g D G 2 g = [g,g] D ... D C k g - [g, G^g] D ... 

is called the descending central sequence of g. 

A Lie algebra g is called nilpotent if there exists s such that: 

G s+1 g = [g,G s g]=0, G s g ^ 0. 



4 



DMITRI V. MILLIONSCHIKOV 



The natural number s is called the nil- index of the nilpotent Lie algebra g, or g is 
called s-step nilpotent Lie algebra. 

Let g be a Lie algebra. We call a set F of subspaces 

g D ■ ■ ■ D F i g D F i+1 g D... (i e Z) 

a decreasing filtration F of g if F is compatible with the Lie structure 

[F k g,F l g]cF k+l g, Vk,leZ. 

Let g be a filtered Lie algebra. A graded Lie algebra 

g">fl = 0(grF0)fc, (gi>fl)fc - F fe /F fe+1 fl 
fc=i 

is called the associated graded Lie algebra gr F g. 

The ideals C k g of the descending central sequence define a decreasing filtration 
C of the Lie algebra g 

&g = g d C 2 g D ■ ■ ■ D C k g D . . . ; [C k g, C l g] C C k+l g. 

One can consider the associated graded Lie algebra gr c g. 

The finite filtration C of a nilpotent Lie algebra g is called the canonical filtration 
of a nilpotent Lie algebra g. 

Proposition 2.1. Let g be a n- dimensional nilpotent Lie algebra. Then for its 
nil-index we have the estimate s < n — 1 . 

Definition 2.2. A nilpotent n-dimcnsional Lie algebra g is called filiform Lie al- 
gebra if it has the nil-index s = n — 1. 

Example 2.3. The Lie algebra mo(n) is defined by its basis ei,e2,...,e„ with 
commutating relations: 

[ei, ej] = e i+ i, V 2 < i < n-1. 

Remark. We will omit in the sequel trivial commutating relations [ej, ej] =0 in the 
definitions of Lie algebras. 

Example 2.4. The Lie algebra rri2(n) is defined by its basis ei,e2, ...,e n and 
commutating relations: 

[ei,ej] = e i+ i, 2 < i < n-1; [e 2 , e,-] = ej +2 , 3 < j < n-2. 

Example 2.5. Let us define the algebra L k as the infinite-dimensional Lie algebra 
of polynomial vector fields on the real line K 1 with a zero in x = of order not less 
then k + 1. 

The algebra can be defined by its infinite basis and commutating relations 

e 4 = ieN, i>k, [e u e-\ = {j - i)e i+j , V i,j e N. 

One can consider the n-dimensional quotient algebra V„ = L\/L n+ \. 
The Lie algebras mo(n), m2(n), V„ considered above are filiform Lie algebras. 

Proposition 2.6. Let g be a filiform Lie algebra and gr c g = ©i(gr c g)i is the cor- 
responding associated (with respect to the canonical filtration C) graded Lie algebra. 
Then 

dim(gr c g)i = 2, dim(gr c 0) 2 = • • • = dim(gr c g)„_i = 1. 
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We have the following isomorphisms of graded Lie algebras: 
gr c m 2 (n) = gr c V„ = gr c m (n) = m (n). 

Theorem 2.7 (M. Vergne [231 ) - Let g = (B a g a be a graded n- dimensional filiform 
Lie algebra and 

(2) dimg 1 = 2, dimg 2 = • • ■ = dimfl„_x = 1. 

then 

1) if n = 2k + 1, then g is isomorphic to mo(2k + 1); 

2) if n = 2k, then g is isomorphic either to mo(2k) or to the Lie algebra m\{2k), 
defined by its basis e±, . . . , e2k cind commutating relations: 

[ei,e,-] = e i+ i, i = 2,.. . ,2fc-l; [ej, e 2 k+i-j] = (-l) J+1 e 2 fc, j = 2,...,k. 

Remark. In the settings of the Theorem 12.71 the gradings of the algebras mo (n) , 
rrii(n) are defined as gi = Span(ei, e-i), gi — Span(ei + i), i — 2, . . . , n—1. 

Corollary 2.8 (M. Vergne 23 ). Let g be a filiform Lie algebra. Then one can 
choose a so-called adapted basis ex, e%, . . . , e„ in g: 

n—i—j 

c r , Bi+j+k, i+3 <n; 



(3) [ei,ei] = e i+ i,i=2, ...,n-l; [e i ,e i } = < 



fc=0 



(-l) 4 ae„, i + j = n+ 1; 
0, i + j>n+l; 

2 < i < j < n. 



where a — if n is odd number. 

3. Symplectic filiform Lie algebras: filtrations and gradings 

Definition 3.1. A Lie algebra g is called symplectic if it admits at least one 
symplectic structure. 

Lemma 3.2 ( |19|h Let g be an 2k -dimensional symplectic filiform Lie algebra, 
then 

(4) gr c0 ^m o (2fc). 

In other words: let g be a symplectic filiform Lie algebra and e±, e 2 , ■ ■ ■ , e 2 k be 
some adapted basis, then [e^, e 3 ] =0, i + j = 2k + 1. 

Proposition 3.3. A fixed adapted basis of g ei, e 2 , ■ ■ ■ , e 2 k such that [e^e^] = 
0, i + j = 2k + 1 defines a non-canonical filtration L of g : 

g = L 1 gDL 2 gD---DL 2k gD{0}, 

(5) 

L 3 g=Span(ej, . .., e 2k ), j = 1, . . ., 2k. 

Remark. For homogeneous components of associated graded gr^g we have 

di m (g r L0)i = dim(gr L g) 2 = • • • = dim(gr L g) 2 fc = 1. 

Proposition 3.4 ( |19|h Let g be a symplectic filiform Lie algebra with a fixed 
adapted basis. Then the corresponding associated graded Lie algebra gr L g — 
(Bi(gr L g)i is symplectic also. 

Remark. It was shown in |19j that the previuos condition is necessary but not 
sufficient condition. 
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Theorem 3.5 (D. Millionschikov, ^H). Let g = ©^, =1 a be a real graded sym- 
plectic Lie algebra such that 

(6) dimflo, = 1, 1 < a < 2k; [01,0a] = Q a +i, 2 < a < 2k - 1. 

Then q is isomorphic to the one and only one Lie algebra from the following list : 



dim 




coTfiTfiutdttfiQ relations 


syuiplectic fovui 


4 


lll o v^y 


[ci, C2J — 03, [ci, 03 J — C4 


pi _ 2 a 3 


6 


m n i m 
lll ) 




P 1 Ap 6 _ p 2 Ap 5 _|_ p 3 Ap 4 




v 6 


[e», ej] = (j - i)e l+j ,i+j < 6 


5e 1 Ae 6 + 3e 2 Ae 5 + e 3 Ae 4 


8 


m (8) 


[ei,ei\ = e i+ i,i = 2,..., 7 


e^e 8 - e 2 Ae 7 + e 3 Ae 6 - e 4 Ae 5 




08, a 


(1) 

" 7~ 2 ' ' 2 ' 2 


e l Ae 8 + 2« 2 +3«-2 e 2 Ae 7 + 

1 2a+2 3a 6 , 3 6 4a p 5 
^2a+5 ' ' 1 2a+5 C AC 


10 


mo(10) 


[ei,e»] = ej+i,i = 2, ... ,9 


e 1 Ae 10 -e 2 Ae 9 +e 3 Ae 8 -e 4 Ae 7 +e 5 Ae 6 




010, a 


a ^ -|,-i,-l, -3,ai,a 2 ; 
ai,a 2 € R, 2a?+2a 2 +3 = 0, 
4a 2 ! +8a 2 i -8a 2 -21 = 


1a„10 1 2 Q 3 +2 Q 2 +3 2a„9 , 
6 Ae + 2(a 2 +4a+3) e ACi + 

1 4a 3 +8« 2 -8a-21 J A J 
+ 2 (a 2 +4a+3)(2 Q +5) e /Xe + 

, 3(2a 2 +4a+5) 4 a r 7 
+ 2(a 2 +4a+3)(2a+5) e AL + 
| 3(4a + l) 5 6 

^2(a 2 +4a+3)(2a+5) e AC 


2k > 12 


m (2fc) 


[ei,ei] = e i+ i,i = 2, . . . , 2k-l 






V 2k 


[d, ej] = (j - i)e i+J ,i+j < 2k 







commutating relations for g 8 , Q and Qw, a 


(i) 


[ei,e 2 ]=e 3j [ei,e 3 ]=e 4 , [ei,e 4 ]=e 5 , [ei,e 5 ]=e 6 , [ei,e 6 ]=e 7 , 
[e 2 ,e 3 ] = (2+a)e 5 , [e 2 ,e 4 ] = (2+a)e 6 , [e 2 ,e 5 ] = (l+a)e 7 , [e 3 ,e 4 ] = e 7 
[ei,e 7 ]=e 8 , [e 2 ,e 6 ]=ae 8 , [e 3 ,e 5 ]=e 8 


(2) 


[ei,e 8 ] = e 9 , [e 2 ,e 7 ] = 2a 2 + 3 5 2 e 9 , [e 3 ,e 6 ] = 2 £_]_f e 9 , [e 4 ,e 5 ] = 2a 3 +5 e g 
[ei,e 9 ] = do, [e 2 ,e 8 ] = 2a 2 +" 5 ^10, [e 3 ,e 7 ] = 2^+5 e io> [e4,e 6 ] = 2Q 3 +5 eio 



Remark. In the fourth column of the table we give only one variant of possible 
symplectic structure. 



Corollary 3.6. Let q be a symplectic filiform Lie algebra of dimension 2k > 12 
then one can choose a basis ei, . . . , e 2 fc in g such that the corresponding commutating 
relations will be either 

2fc-i-l 

[d, ei] = e i+ i + 2J c l u e i+ i + i, i = 2,..., 2k-l; 

(7) 

[ei,ej]= ^2 c \j e i+j+h * + .i < 2fc; 2 < i < j < 2k; 
i=i 

or 

2k-i—j 

(8) [e h ej] = (j - i)e i+j + c l i:j e i+j+h i + j < 2k; 1 < i < j < 2k; 

i=i 
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Remark. The one-parameter family 2s,a was considered in as well as cor- 
responding symplectic form wg(a). In |l()j symplectic (over C) low-dimensional 
(dimg < 10) filiform Lie algebras were classified (but this article contains some 
mistakes) . 

4. Lie algebra cohomology 

Let g be a Lie algebra over K and p : g — ► fll(V) its linear representation (or in 
other words V is a g-module). We denote by C q (g,V) the space of g-linear skew- 
symmetric mappings of g into V. Then one can consider an algebraic complex: 

v — cHq.v) — ^— c 2 ( fl ,i/) — ... c«( ,y) — ... 

where the differential d q is defined by: 

9+1 

. . . , x 9+1 ) = ^(-i) l +V(^)(/(^i, v, x 3+1 ))+ 

(9) 

+ E (-i) ,+3 "V([4^Ui,--4i,--4j,...,^+i). 

l<i<j<g+l 

The cohomology of the complex (C*(g, V), d) is called the cohomology of the Lie 
algebra g with coefficients in the representation p : g — ► V. 
In this article we will consider two main examples: 

1) V = K and p : g — > K is trivial; 

2) y = and p — ad : g — > g is the adjoint representation of g. 

The cohomology of (C*(g,K),d) (the first example) is called the cohomology 
with trivial coefficients of the Lie algebra g and is denoted by H*(g). Also we 
fixe the notation H*(g,g) for the cohomology of g with coefficients in the adjoint 
representation. 

One can remark that d\ : C 1 ^, K) — ► C 2 (g,K) of the (C*(g,K),d) is the dual 
mapping to the Lie bracket [ , ] : A 2 g — > g. Moreover the condition d 2 = is 
equivalent to the Jacobi identity for [, ] . 

Let g = (B a g a be a Z-graded Lie algebra and V = (BpVp is a Z-graded g-module, 
i.e., g a Vp C V Q +/3. Then the complex (C*(g,V),d) can be equipped with the Z- 
grading C 9 (g, V) = © M (fl, V'), where a V- valued g-form c belongs to (fl, V) 
iff for Xi£Q ai ,...,X q € g aq we have 

C(Xi, . . . , Xq) £ V Q1+Q , 2 + ... +Qg+A1 . 

This grading is compatible with the differential d and hence we have Z-grading 
in cohomology: 

m{g,V)=@Hl ) {g,V). 

Remark. The trivial g-module IK has only one non-trivial homogeneous component 
K = K . 

Example 4.1. Let g be a Lie algebra with the basis ei, e2, ■ ■ ■ , e n and commutating 
relations 

[ei, ej] = c i: jei + j,i + j < n. 



8 



DMITRI V. MILLIONSCHIKOV 



Let us consider the dual basis e 1 , e 2 , . . . , e™. One can introduce a grading (that 
we will call the weight) of A*(g*) = C*(q,K): 

n(n+l)/2 

A*(fl*) = Afofo*), 

where a subspace A'^g*) is spanned by g-forms {e 11 A . . . Ae i<! , . . . +i q =\}. For 

instance a monomial e n A • • • A e tq has the degree q and the weight A = i\+ . . . +i q . 
The complex (C*(g,g),d) is Z-graded: 

C*(fl,fl)=©C^ ) (fl,fl) 1 

where C? .(fl, g) is spanned by monomials {e; ® e ll A . . . Ae 4 «, ii + . . . +i q +fx = I}. 

Now we consider a filtered Lie algebra g with a finite decreasing filtration F. 
One can define a decreasing filtration F of A* (g* ) . 

i^A p (g*) = {u G A p (g*) | w(F ai g A • • • A i^g) = 0, a x + . . . +a p +^ > 0} . 

Example 4.2. Let g be a Lie algebra with the basis ei, e2, ■ ■ ■ , e n and commutating 
relations 

n-i— j 

[ei,ej]= c^e i+j+k ,i + j < n. 

k=0 

As it was remarked above the corresponding filtration L (L k = Span(ek, ■ ■ ■ ,e n )) 
of g can be defined. The associated graded Lie algebra gr L g has the following 
structure relations 

[ei,ej] = c°je i+j ,i + j < n. 

Let us consider the dual basis e^e 2 , . . . ,e n . Then L M A p (g*) is spanned by p- 
monomials of weights less or equal to — /x, i.e. by p-forms e n A . . . Ae Ip such that 
ii+ . . . +i p < — /i. For instance 

ZA 5 A 2 (g*) = Spanie 1 A e 2 , e 1 A e 3 , e 1 A e 4 , e 2 A e 3 ). 

Remark. One can consider the spectral sequence E r that corresponds to the filtra- 
tion F of the complex A*(g*). We have an isomorphism (see [S3] for example) 

Theorem 4.3 ( ^H]). Let g be a filiform Lie algebra such that gr c g = mo(2fc) and 
gr £ g is symplectic. 

Then the Lie algebra g is symplectic if and only if some homogeneous symplectic 
class [u>2k+x] G E 1 2k l!2fc + 3 — H? 2k+1 Jgi L Q) survives to the term E^. 

5. Z >0 -FILTERED DEFORMATIONS AND iJ 2 (g,g) 

In this section we recall some definitions from the Nijenhuis-Richardson defor- 
mation theory (see |21|L 

Definition 5.1. Let g be a Lie algebra with a Lie bracket [, ] and \& : g ® g — > g is 

a skew-symmetric bilinear map. ^> is called a deformation of [,] iff [,]' = [,]+ ^ is 
a Lie bracket on the vector space g. 



DEFORMATIONS OF GRADED LIE ALGEBRAS 



f) 



The Jacobi identity for bracket [,]' = [,] + \£ 

[[x,y]',z]' + [[y,z]',x]' + [[z,x]',y}' = 
is equivalent to the so-called deformation equation: 
(10) 

y], z)+*{[y, sc], y)+ [*(a:, y), 2] + «), s] + [*(y, z), a?] + 

y), z)+#(*(y, z), as), y) = 0. 

The first six terms can be rewrited in the form d^(x, y, z) where d : C 2 (g,g) — > 
C 3 (g,g) is the differential of the complex (C*(g, g), d). 
Finally we have 

(li) d* + i[*,*] = o, 

where [,] denotes a symmetric bilinear function [,] : C 2 (g,g) x C 2 (g,g) — > C 3 (g,g) 
^ 12 ^ *](3J, y, ^) = y), z) + ¥(# (y, z), a:) + 

2/), *) + + 

The last definition can be generalised in terms of Nijenhuis-Richardson bracket 
inC*( 0J0 ): 

[,}-C p (g,g)xC^g,g)^C p +"- l (g,g). 
Namely, for a £ C p (g,g) and (3 E C 9 (g,g) one can define [a, (3} £ C p+q ^ 1 (g, g): 
(13) 

[a,/3](£i, ■ • .,£ p+ g_i)= a(/?tei,- ■ ■,&,)&>■ ■ -,6ir ■ ■ ->£p+g-l)+ 

l<il <...<i, <p+q— 1 

+ ( _ ir +P+ 9 £ / j (q(C . i) . . .^ p)6v . .4 v . . ., Wl ). 

i<ii<-.<j»<p+«-i 

The Nijenhuis-Richardson bracket defines a Lie superalgebra structure in 
C*(g,g), i.e., if a 6 C p (g,g), /? 6 C«(fl,fl) and 7 e C r ( fl , ) then 

(14) 

f) [aJl-f-^-'X'-^.a]; 
2) (-i)(p-i)(^i)[[ a;/ 3], 7 ] + (-i)(9-i)(-i) [[ ft7 ], a ] + (_i)(-i)(p-i) [[ 7) a],/3]=0. 

Also we have the following important property: 

d[a,(3] = [da,/?] + (-1 ) p [a, d(3}. 

Thus the Nijenhuis-Richardson bracket defines a Lie superalgebra structure in co- 
homology H*(g,g), i.e., the set of bilinear functions 

[,} : H p (g,g) x m(g,g) ^ H p +^\g,g) 

with the properties 114(1 . 
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Proposition 5.2. Let g — © Q Q be a It-graded Lie algebra. Then the Z-grading of 
C*(g,g) and H*(g,g) is compatible with the Nijenhuis- Richardson bracket: 

[,}: Hfa (g, q) x ff* , ( ,0)^ fff^ 1 (0, 0) 

Definition 5.3. A deformation $ of a Z>o-graded Lie algebra = © Q >o0a is 
called Z>o-filtered if the following condition holds: 

VXi e Qai ,...,vx q e 0Q? , *(Xi,...,x 3 ) e v a . 

o>ai+o 2 +...+a, 

Or in other words: 

(16) * = *! + * 2 + ••• + *< + ..., t i eCf (j 1 j) 1 i = i ) 2 1 ... 

Decomposing ^> = ^1 + ^2 + ■ ■ ■ in the deformation equation and comparing 
terms with the same grading we came to the following system of equations on 
homogeneous components tyf. 

(Mi = 0, d 1 S> 2 + ^ *i] = 0, rf *3 + [*x, *a] = 0, . . . , 

E [*m, , f/]=0,... 

m+l—i 

This is the well-known system of equations for one-parametric deformation, in our 
case one can associate to \I/ the following one-parametric deformation ^> t '- 

* t = f*i +t 2 ^ 2 H ht'f , + . . . 

1) the first equality of (|T7jl shows that ^1 is a cocycle, we denote by #1 its 
cohomology class in H^(g, g). 

2) the second one shows that the Nijenhuis- Richarson product [^1,^1] defines 
a trivial element in i?^(0,0). If [^1,^1] = then *S>2 is determined not uniquely 
but up to some closed element in Z? 2 Jg,g). 

3) hence one can find \E"3 iff iff 2} is trivial in H? 3 s (g, g) for some choice of *5>2- 
The subset in £7^(0,0) formed by elements —[^1,^2], where ^2 is a solution 

in C( 2 2 -|(0,0) of the equation d^2 + ^[^l, ^1] = is called a triple Massey product 
< > and it is defined iff [*i,#i] = 0. 

Definition 5.4. A Massey product of the k-th order < #1, . . . , 1&i > is a 
subset in H^(g,g) formed by classes -^Em+tJ*"i, *j] where j=2, . . ., k-1 
are solutions of the first k— 1 equations of the system (|17ll and "Pi is a representative 
of ^1. A Massey product < "Ji, ^1, . . . , $1 > is called trivial if it contains zero. 

Remark. A Massey product < ^<i,^>i, . . . ,^>i > of the the fc-th order is defined 
iff all Massey products < #1, #1, . . . , ^1 > of orders less than k are trivial. One 
can easily show that it does not depend on the choice of in ^i. A Lie product 
[^1, ^1} is called a Massey product of the second order. 

Proposition 5.5. Let be 'J'i an element of H^(g,g). One can construct a defor- 
mation \1/ of with a first term equal to ^1 £ H^^g^g) if and only if all Massey 
products < #1, $x> • • • ) ^1 > are trivial. 
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Let ^ and ^> be two deformations of a Lie algebra g. The question is: whether 
they define non-isomorphic Lie algebras or not ? Or does there exist a non- 
degenerate linear transformation tp : g — > g such that 

(18) ip{[x, y]+^(x, yj) = [<p(x), <p(y)] + *(<p(x), <p(y)) 

Let us consider an non-degenerate linear operator of the form ip = id + ipi, ipi G 
Cm (fl) fl)- We have for the first term 

tp- 1 ([<p(x), <p(y)} +^(f(x), <p(y))) = [x, y] + (*! + y) + ... 

Proposition 5.6. Let ^ be some Z>o- filtered deformation of [, ] and $i an arbi- 
trary cocycle in Z^(g,g) cohomologous to ^>\. Then the Lie algebra with [, ] + ^ 

is isomorphic to some filtered deformation [, ] + = 

6. Computations 
In this section we compute H 2 (V n , V n ) for n > 12. 

Let g = © q >o0q be a Z >0 -gradcd Lie algebra. One can define a decreasing 
filtration T of (C*(g, q), d): 

T a C*{g, g) D ■ ■ ■ D F>C*(g, g) D T q+1 C*(g, g) D . . . 

where the subspace J 7q C p+q (g, g) is spanned by p+q-iorms c in C p+q (g, g) such that 

c(Xi, . . . ,X p+q ) e (J)g Q VXi, . . . ,X p+q e g. 

a—q 

The filtration T is compatible with d. 

Let us consider the corresponding spectral sequence E p ' q : 

Proposition 6.1. E p { q =g q ® H p+q {g). 

We have the following natural isomorphisms: 

C p+q (g,g)=g®A p+q (g*) 

E™ = T q C p+q (g,g)/T q+1 C p+q (g,g) = g q ®A p+q (g*)- 

Now the proof follows from the formula for the d^' q : E p ' q — ► E^ +1 ' q : 

d (X ® /) = X ®df, 

where X € g, f £ A p+q (g*) and df is the standart differential of the cochain complex 
of g with trivial coefficients. 

Theorem 6.2. Let n > 12 then 

1) dimtf°(V„, V„) = dimff° n) (V n , V„) = 1; 
,2) dimiJ^Vn, V„) = 4, namely 



dim^ ) (V„,V„) = | J' } 



jU = 0, n— 4, n— 3, n— 2; 
otherwise. 



3a) Let n > 16, i/ien dimiJ 2 (V„, V„) = 10, more precisely: 




dimif ( 2 M) (V n ,V„) = { 1, M = -4, -3, -l,n-ll, n-10, n-9, n-8,n-7; 



A* = -2; 

■1,71-11, 

otherwise. 
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3b) Let 12 < n < 15, then dimH (Vn, V n ) = 11, more precisely: 

2, fi = -2; 

dimHf ,(V n ,V n ) = { 1, M = -4, -3,-1,1, n-11, Ti-10, n-9,n-8,n-7; 



0, ot/i 



erwise. 



Proof. For the proof we will use the spectral sequence considered above. Let us 
recall some results from |17| . namely: 

1) the basis of i? 1 (V„) consists of two classes [e 1 ] and [e 2 ]. 

2) the space H 2 (V n ) is 3-dimensional and generated by classes 

.95 = [e 2 Ae 3 ], g 7 = [e 2 Ae 5 - 3e 3 Ae 4 ], [n n+1 ]=~[ £ 0"-*)^] 

i+j=n+l 

of weights 5, 7, n+1 respectively. 

3) H 3 (V n ) is 5-dimensional and generated by elements g\2, 315 and 

[e 2 Afi„+i], [e 2 AJl n+2 -ne 3 Afi n+ i], 

(20) n(n+l) 

[e 2 Aa i+3 - (n+l)e 3 An n+2 + e 4 AO.„. +1 ] 

of weights 12, 15, ti+3, n+4, n+5 respectively. Where 

i+j— n+2 i+J= n+3 

t,J > 1 i, j > 2 

are projections of non-existing de n+2 and de n+3 to A 2 (V„). We have also 
(21) 

df7„ +2 =d(de"+ 2 -ne 1 Ae n+1 )=ne 1 Af7„ +1 , 
rfO n+3 =rf(de" +3 -(n+l)e 1 Ae' l+2 -(n-l)e 2 Ae' l )=(n+l)e 1 Aa i +2+(n-l)e 2 Al] n+ i. 

Remark. The classes 312, 315 are generators of H 3 (Li) of weights 12, 15 respectively, 
they arise in Gontcharova's theorem (see |Hj for details), as well as 35, g 7 in H 2 (Li) 
and [e ], [e 2 ] in iJ 1 (L 1 ). We will need the following formula for g 12 : 

g 12 = [2e 2 Ae 3 Ae 7 -5e 2 Ae 4 Ae 6 +20e 3 Ae 4 Ae 5 ]. 

Proposition 6.3. Let n > 16, then we have only a finite number of non-trivial 
differentials d^.'~° , dp J , dp J of the spectral sequence E r . They are: 

(22) 

d{'- j : ej .— > (l-iJe^+iSfe 1 ], j + 1; 

d 2 ' : ei 1 — > e 3 (g>[e 2 ], 

4 2 - j : ej -®[n n+ i] .— » f j-2 - ^T 1 ^" 1 ^ e J+2 ®[e 2 Ar! I1+1 ]; 

V (71+1)71 / 

d^~ j : e,®[e 2 ] .— ► -i(j-3)(j 2 -3j+8)e J+3 ®[e 2 A e 3 ], j ^ 3; 

^4 -1 : e 2 ®[e 1 ] 1 — > -^e 6 ®[e 2 Ae 3 ]; 

df- J :e,®[ e 2 A e 5 -3e 3 Ae 4 ]^-^(j-8)(i 2 -4^27)(j 2 -13j+48)e J+ 5®3i2,j¥8; 

dg'~ 6 : Span(e 8 ®[e 2 Ae 5 -3e 3 Ae 4 ]) -» Span(ei 6 ®gi 5 ). 
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(23) •» 

„2 A 5 o „3 A 4 



If 12 < n < 15 f/ien ot^t/ £/ie differential dg : 6 becomes trivial. 

Corollary 6.4. T/ie following classes in E^ q ,p+q=0, 1,2 survive to for n > 
16: 

e n ; e^e 1 ], e„<g)[e 2 ], e„_i<g)[e 2 ], e„_ 2 ®[e 2 ]; 

e n _i ® [fi n+ i], e„<8>[n n+ i], 
e l <g> [e 2 Ae 3 ], i = 1,2,3; 
e, ® [e z Ae° - Se^Ae 4 ], j = n-4, n-3, n-2, n-1, n. 
// 12 < n < 15 iften owe ftaue to add e$ ® [e 2 Ae 5 — 3e 3 Ae 4 ] to i/ie foi above. 

Remark. 1) the element e n spans the center Z(V n ) = H°(V n , V n ); 

2) the class eiCg^e 1 ] corresponds to the inner derivation i^i®^ 1 — ad(eo) in 

the solvable Lie algebra L^/L n+ i restricted to the nilpotent ideal V n . 

Hence the proof of our theorem follows from Corollary 16. 41 It's time to say that 
the Proposition 16.31 it is finite-dimensional version of the following theorem 

Theorem 6.5 (A. Fialowski, jjj, [H])- dimH 2 (Li, L%) — 3, more precisely: 

dim H^(L\, Li) / ^ otherwise. 

The differentials d{~ j ,d^ , > d 4 _1 ' 4' 2 '• d s~ 6 of Proposition IO came 

from the corresponding spectral sequence for H*(Li, Li). Their non-triviality fol- 
lows from the more general result of B. Feigin, D. Fuchs 6 . But it is a very 
complicate task to follow all details of the proof in 6 . So it appears to be uscfull 
to calculate d^~ 3 , d^~\ d^ 2 ~^ explicitly. From the other hand explicit formulae 
will give us a possibility to write down structure relations of all deformations of V„. 

Remark. In the infinite-dimensional case only classes et ® [e 2 Ae 3 ], i = 1, 2, 3 survive 
to Eoo and they correspond to generators in H 2 (Li, L\) of weights fi = i— (2+3) = 
—4, —3, —2 that were found by A. Fialowski. 

The proof of Proposition 16 . 31 consists of direct calculations. 

First of all by defmiton of d : C°(g,g)=g — > C 1 (g, g)=Hom(g, g)=0®0* we have 

d{ej) = (j-l)e j+ i ® e 1 + (j-2)e j+2 ® e 2 + (j-3)e i+3 ® e 3 + ... 

Hence 

dk~ j {e 3 ) = e j+l ®(j-l)[e\ j ? 1. 
Now we go to the differential da- 

d(e^ ® n„+i) = e j+1 <g) (j-l)e 1 Afi n+ i + ... 

where dots stand instead of terms of higher filtration. As we know e 1 Afi Il = idf2 n +2 
and we now can take new representative Cj ® ^ n + ^^-ej+i <8> fi„ such that: 

,i a o i i^i,^ , 



d(e 7 -<8>n„ + i + - e J+l ®VL n+2 ) = e j+2 ® — VAft n+ 2 + (j-2)e^AO„ + i 



77 



But df2 n+3 = (n+l)e 1 An n+ 2 + (r7-l)e 2 A£l„ + i and therefore j(j n 1) e 1 A^ n+2 + 
(j-2)e 2 A£l, i+ i is cohomologous to (j— 2 — ^ ) e 2 f\VL n+ i. Hence we con- 



clude 
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d 2 {e j ®[Sl n+ i]) = e. J+2 ® j-2 



(n-l)j(j-l) 



[e Af2„H 



(n+l)n 

Now the most complicated case: computation of ^(e^ <8> [e 2 Ae 5 — 3e 3 Ae 4 ]). We 
have to find £1, £2, £3, £4 such that 

4 

(24) d( ej «)(e 2 Ae 5 -3e 3 Ae 4 ) + ^ e.,- + p<g>£p) = e j+5 ®£ + ... 

P =i 

for some £ € C 3 (V„, V„). We recall the notation g 7 = e 2 Ae 5 — 3e 3 Ae 4 . We have the 
following system of equations on £i,£2,£3,£4: 

d£ 2 = je x A6 + (j-2)e 2 A 57 ; 

<*£ 3 = (j+lje 1 /^ + (j-2)e 2 Aa + (j-3)e 3 A 57 ; 

d£ 4 = (j+2)e 1 A6 + je 2 A& + (j-2)e 2 A£i + (j-4)e 4 A 57 . 

Taking £1, £2, £3, £4 as homogeneous 2-forms of weights 8, 9, 10, 11 one can remark 
that the right parts of these equations are exact forms because i? 3 ^ (V n ) = 0, p < 11. 



(25) 



£i>£2>£3> £4 are defined uniquely by the condition £ p g A (e 



,e"),p=l,2,3,4. 



The answer is: 



(26) 



a = ^(e 2 Ae 6 - 2e 3 A e 5 ; 
6 = Pi{i)e 2 he 7 + P 2 (j)e 3 Ae 6 + P 3 (j)e 4 Ae E 
£3 = QiC?)e 2 Ae 8 + Q 2 (j)e 3 Ae 7 + Q 3 (j> 4 Ae e 
£4 = ^(i)e 2 Ae 9 + Z 2 (j> 3 Ae 8 + Z 3 (j)e 4 Ae 7 + Z 4 (j)e 5 Ae 6 , 
where polinomials Pi(j), Qj{j), are defined by 
(27) 

p 2(3> -M±MH2) ; Pa(j)= _ (i3(a-30 Pl ) + eo) 



21 



i(i)= 



(3( 



J 3 ] )+4 V 



3+ ^-0. c ^ ) _ (( J t 1 )-8( J t 1 )^( J t 1 )) 



2N 



14 



Q 3 U)= 



(-18(Y)+20(^)-20m) 



28 



1 /j+2\ 23 /j+2\ 7 A'+2\ 59 /j+2 



^o-)=^( j r)+^( j r)-T7^( j r)-^( j r)+^ 



22 



231 



198 



693 



1 



231 



154 



231 



53 fj+2\ 59{j+2\ 37 
2 



1386 



90 



1 



33 



Z S (j> 



29_ (j+2\_± fj+A ,317 fj+2\ _59 /j+2\ 37 



154 



77 



462 ^ 2 



33 



/ -\ 47 /j+2\ 185 /j+2\ 2245 fj+2\ 295 /j+2\ 185 



154 



231 



1386 



!)!) 



11 

8E 
3"3 



Now one can calculate £ from equation l|24|l : 

£ = (j+3)e 1 A£ 4 + (j+l)e 2 A£ 3 + (7-l)e 3 A£ 2 + (?-3)e 4 A£i + (7-5)e 5 A ff7 . 
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The space H? 12 -,(V n ) is one-dimensional and we have for the cohomology class [£]: 



1 



[£] = -g^(j-8)(j 2 -4j+27)(j 2 -13j+48) [2e 2 Ae 3 Ae 7 -5e 2 Ae 4 Ae 6 +20e 3 Ae 4 Ae 5 ] 
In the same way one can remark that 

(28) 



7(7 — 1) 

d{e J ®e 2 +e 3+1 ®{j-l)e , +e ]+ 2® e 4 ) 



= e 3+ ,® ( ^±lMOl e i Ae 4 + ( (j _ 1) 2_ (i _ 3)) e 2 Ae 3 ) + 



V 2 

As 3e 1 Ae 4 is cohomologous to e 2 Ae 3 it follows that 



d 3 (ej®[e 2 }) = e j+3 ® (j-l) 2 -(j-3) - 



0'+i)iO'-i) 



[e 2 Ae 3 l 



□ 



Now we choose the following basic cocycles Vfe.i in ©M>o-^f/*)(Hu Hi), n > 16: 





basic cocycles 


flf„_7)(Vn,V n ) 


^„ )7 = e „ ® (e 2 Ae 5 - 3e 3 Ae 4 ) 


ff( 2 n _ 8 )(H», HO 


V'n.s = e„_i ® (e 2 Ae 5 - 3e 3 Ae 4 ) + e„ ® ^(e 2 Ae 6 - 2e 3 Ae 5 ); 


Hf n „ 9) (V n ,V n ) 


ipn,9 = e„_ 2 ® (e 2 Ae 5 - 3e 3 Ae 4 ) + e n _i <g> ^(e 2 Ae 6 - 2e 3 Ae 5 ) + 
' + e„ (g) (Pi(n-2)e 2 Ae 7 + P 2 (n-2)e 3 Ae 6 + P 3 (n-2)e 4 Ae 5 ) 


#(n-10)(Hi,Hi) 


V'n.io = e„_ 3 ® (e 2 Ae 5 - 3e 3 Ae 4 ) + e„_ 2 ® ^(e 2 Ae 6 - 2e 3 Ae 5 )+ 
+ e n _i ® (Pi(n-3)e 2 Ae 7 + P 2 (n-3)e 3 Ae 6 + P 3 (n-3)e 4 Ae 5 ) + 
+ e„ ® (Qi(n-3)e 2 Ae 8 + Q 2 (n-3)e 3 Ae 7 + Q 3 (n-3)e 4 Ae 6 ) 


^(«-ii)(H,V„) 


V'n.n = e™-4 ® (e 2 Ae 5 - 3e 3 Ae 4 ) + e„_ 3 (g> ^(e 2 Ae 6 - 2e 3 Ae 5 )+ 
+ e„_ 2 (Pi(n-4)e 2 Ae 7 + P 2 (n-4)e 3 Ae 6 + P 3 (n-4)e 4 Ae 5 ) + 
+ e„_i <g> (Qi(n-4)e 2 Ae 8 + Q 2 (n-4)e 3 Ae 7 + Q 3 (n-4)e 4 Ae 6 )+ 
e„(g)(Zi(n-4)e 2 Ae 9 +Z 2 (n-4)e 3 Ae 8 +Z 3 (n-4)e 4 Ae 7 -|-Z4(n-4)e 5 Ae 6 ) 



7. Moduli space of Z >0 -filtered deformations. 

In this section we classify up to an isomorphism the Lie algebras over IK defined 
by the basis e%, . . . , e„, n > 16 and commutating relations of the following form: 



(29) 



[e l ,e 3 ] = (j - i)e i+j + ^ c\ } e l+1+l . 



1=1 



A Lie algebra g with the commutating relations (|29|l is a Z>o-filtered deformation 
of the Z >0 -graded Lie algebra V n , i.e. 9 = (V„, [,] + *Sf), where 



* = + \I>2 



* n _ 3 , *,ed(v„,v„), 



(30) 



*z(ei,ej) 



0, otherwise; 



1 = 1,2,. 



, n— 3. 
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satisfying to the system (II Til of deformation equations: 

d¥l = 0, d*2 + 5[*l,*l]=0, ...,d* n _ 6 + - E [*l.*i]=0. 

i+j— n— 6 

Lemma 7.1. Lei ^, ^ 6e £wo 'E > Q-filtered deformations ofV n ,n > 5 and 

P : fl = (V„, [,]+*)-► fl = (V„, [,] + * ) 

is a Lie algebra isomorphism. 
Then 

, 1) <P = <Po + <Pi + <P2 -\ \-<p n -i, Vj G (V„,V„), j = 0,1,2,..., 

(31) 

2) ^o(ej) = c/ei, o G K*, i = 1, 2, . . . , n. 
Proof. We will study the dual situation. The mapping 

^* : * = (k, rf* = d + *•) -» r = (k, = d + **) 

is an isomorphism of d-algebras. 

For the dual basis e 1 , e 2 , . . . , e" of (V*, d*) we have the following structure rela- 
tions: 

d ^ k = \ E (j-*KAe 3 + i E i/ AeP . fc = 3,...,n. 

Let us write down some of them. 

d^e 1 = d^e 2 = 0, dye 3 — e 1 A e 2 , d^e 4 = 26 1 A e 3 + c\ 2 e x A e 2 , 

' >_ ' dye 5 = Se 1 A e 4 + e 2 A e 3 + c^e 1 A e 3 + c^e 1 A e 2 , . . . 

The dual mapping ip* : g* — » g* is the isomorphism of d-algebras, i.e. 

1) d^*e J = dyip*e 2 = 0, thus 

V?*e 1 = ane 1 + « 2 ie 2 ; <p*e 2 = ai 2 e 1 + a 22 e 2 . 

2) dyip*e 3 = ip*e x A <y9*e 2 = (0:110:22 — a^iai^e 1 A e 2 , and we have 

f*e 3 — (ana22 — a- 2 iai 2 )e 3 + a^e 1 + a 2 3e 2 . 

3) The form tp*d^,e A is cohomologous to 20121(0:110:22 — o 2 iai 2 )e 2 A e 3 and it is 
exact iff 021 = 0, thus 

ip*e 4 = o 2 1 a 22 e 4 + {a n a 2 3 + c} 2 a:iia: 22 - c} 2 a 2 1 a 22 )e 3 + a^e 1 + a 24 e 2 . 

4) ip*d^e 5 ~ 3a22 3 1 e 1 A e 4 + a 22 ane 2 A e 3 and the last one is exact iff 
a i2 = a 22, and for the moment we have 

Lp*e} — one 1 , ip*e 2 — a\ x e 2 + a^e 1 , 

(33) ip*e 3 = a^e 3 + a^e 1 +o 23 e 2 , 
^*e 4 = a 4 ie 4 + . . . , <^*e 5 = a^e 5 + . . . 

Going on and using an obvious inductive assumption we have for the operator 

ip*: 

n 

(34) ip*e i = a i e i + y~] a H e l , i = l,...,n, 

Ki 

for some a^O, an 6 K. □ 
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From the other hand it is evident that changing the canonical basis of an arbitrary 
Lie algebra g of the type (|29|) by an operator ip with property (|34J) we will get again 
the commutating relations of the same type. 

Corollary 7.2. The matrix Lie group G n of lower-triangular matrixes if of the 
following type 



( a 

a-21 



ip = 







\ <^nl Q"nn — 1 



\ 
o 



a G 



acts on the set V n of 7 E- > Q-filtered deformations of V n as the group of changes of 
canonical basis: 

(35) (<p + W)(x,y) = ip- 1 ([tpx,tpy} + V(ipx,ipy)) - [x,y], Vx,y G V n , V G G n . 

Two 'L > Q-filtered deformations (V n , [, ] + 1 5) and (V„, [, ] +\&) are isomorphic as Lie 
algebras if and only if they are in the same orbit of the G n -action. 

Hence we have proved the following 

Theorem 7.3. Let n > 5, then there is a one-to-one correspondance between the 
orbit space 0(G n ,V n ) of the action G n on the set V n of 'Z > Q-filtered deformations 
ofV n and the moduli space M. n (the set of isomorphism classes of the ly^-filtered 
deformations ofV n ). 



Proposition 7.4. The matrix Lie group G n is the semi-direct product 
where UT n denotes the group of unitriangular matrixes: 



Gr, 



' x UT n = K* x 



* 



V * 




fa 








[* X UT n 



\ 





V 



Remark (see also section[5J). If ^ = ^ - 
(|17|l of deformation equations then ^> = 



-\E' r j_3 is a solution of the system 



t^l -f L~ ^2 

satisfies to the system (|17|) . It follows that the space V n can be retracted over itself 
to V n . From another hand one can define K*-action on V n : 



t 2 V 9 + ■■■ + t"- 3 *„_ 3 , Wt G K also 



/5 n (a)(*i,* 2 ,---,*n-3) = (a*i,a 2 * 2 , #n-s), a G 

Evidently this action coincides with the action on V n of the subgroup K 
matrixes in G n . 



of diagonal 



Proposition 7.5. There are the following bisections: 

Pn (K*,0(UT n ,V n )) 0(G n /UT n ,0(UT n ,V n )) 0(G„,K). 

Proposition 7.6. Let ^ be a Z>o -filtered deformation ofV n ,n > 12. TTiera £/iere 
exists an element ^ in the UT n -orbit of ^ such that 

*!=••• = *„-12 = 0. 

For an arbitrary Z >0 -filtered deformation '5 the first equation is d*f?i = 0. We 
recall now 

ff ( 2 i3 (V n ,V„) = 0, z<n-12 
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and hence = <kpi for some (p% of Ch*. (Vn, V„). Acting by g = id + G J7T„ we 
get = g such that = 0. Now the second equation of the system for this 
new element will be d^ 2 — [^1, ^1] = 0. We act on W by g — id + ip 2 , where 
^2 = df2 and continue the procedure step by step. 

Now we suppose to be constructed an element 4" such that *i = • • • = # n -i2 = 
satisfying 

d*„_ii = 0. 

We recall that in the section El we found the basic cocycles ip n ,i, such that 
Span([^ n ,i\) = ff ( 2 „_. (V„, V n ), i = 7, ... ,11. 

Hence *„_n = aji^ n> n + dcp„_ 11) x 1 G K, and ^ n -H G C ( 1 n _ 11) (V„, V„)). Then 
acting on VP by id + (/3„_n we get again a new element in the orbit O^, (we keep 
the same notation 4 for it ) with the property $ n _n = xitp rit n. 

Proposition 7.7. Let n > 14 i/ien aZZ Nijenhuis- Richardson products of basic 
cocycles ipn,i are trivial elements in C (V n , V n ): 

[ipn,i, ipn,j](x,y, z) — Vx,y, z G V n . 

The proof follows from the two properties of Vvz- 

1) Im?/v = Span(e n , . . . , e„_ 4 ); 

2) ^„,;(a:, y) = if x A y i A 2 (e 2 , . . . , e 9 ). 
Hence ip n> i(ip n< j(x, y), z) = 0, Va;, y, z if n— 4 > 9. 

Proposition 7.8. Let n > 14. There is a one-to-one correspondance between the 
orbit space 0(UT n ,V n ) and the 5 -dimensional vector space ©i>o-ff( 2 j) (V n , V„). 

This proposition follows from the previous one. Namely in an arbitrary UT n - 
orbit one can choose the unique representative 'J such that 

* = Xiljj n .ii + X 2 1pn,W + X 3 ip nt g + £4^,8 + ^5^,7, 

where Xi G K, i = 1,...,5. We will call VP the canonical element of the orbit 
and the set {xi, . . . ,x§} is called the homogeneous coordinates of the orbit 
0<a G 0(UT n , V n ). 

Theorem 7.9. Let n > 16. There is a one-to-one correspondance between the 
moduli space Ai n = 0(G n ,V n ) of 1^-filtered deformations of V n and the orbit 
space Op n (K*,K 5 ) where the action p n o/K* on K 5 is defined in coordinates x l ': 

(36) p„(a)(xi,x 2 , ■ ■ ■ ,x 5 ) — (a n ~ 11 xi,a n ~ 10 x 2 , . . . ,a n ~ 7 x 5 ), a G K* . 

We have to verify only the formula for K*-action on 0(UT n , V n ). But 

p n (a)(xi,X2,...,x 5 ) = p n (a)(xi4>n,ii + aJaV'n.io H \- x s ip n n) = 

(37) 

= a n - n xitp nt u + a n - w x 2 ip n ,io + • ■ • + a n ~ 7 x 5 ^ 7 . 
8. Affine variety of Z >0 -filtered deformations 

One can regard the set V n of Z>o-filtered deformation of V„ as a affine variety in 
the affine space ©i>oC^)(V n , V„). Namely one can define a mapping (polynomial 
in the coordinates {cf-}): 

T ■ ®i>oCf i) (V n ,V n ) - eooCfoCn.Vn), 
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where 

^(*l,*2,. 

Then 

Theorem 8.1. 



,*n-3) = ^2 + -[*l,*l], 



i-\-j— n — q 



V n = {* G ffii^Cf^CVn.Vn) | .F(tf) = 0}. 

(1) TTie variety V n has no singular points and 



dim V n 




3, 7i > 16; 

4, 12 < n < 15. 



(2) TTie group UT n acts on V n with constant rank and we have for the dimension 
of an arbitrary orbit 

n(n— 3) 



dimO* = 



2. 



One can identify the Lie algebra of UT n with ®>qCK (V n , V n ). Let be some 
fixed element of V n , then decomposing ip = exp a=l + a + a 2 + ... in the formula 
(|35|l and taking linear terms with respect to a one can get the following formula 
for the differential D of the [7T„-action (x,y G V„): 

D«r(a)(x,2/) = [a(x),y]+[x,a(y)]-a([x,y]) + ^(a(x),y)+^(x,a(y))-a(^(x,y)). 
Hence 

D*(a) = -d(a) + [#,a] = -d*(a), a G ©>oC(i)(V„, V n ) 

where d* : ©>oC^(V n ,V„) — > ©xiC 2 ^ (V„, V„) is a deformed differential of the 
cochain complex of V n . But in the same time d* defines the differential of the 
cochaine complex of the Lie algebra g = (V„, [,] + \&). 

Analogously one can show that the differential DT^ coincides with the dif- 
ferential dy : ©>oC( 2 i )(V„, V n ) — ► ffi>oC( 3 i )(V„, V n ) of the cochain complex with 
coefficients in the adjoint representation of g = (V„, [,] + 

Remark. Let us denote by dj : C*^(V n , V n ) —> C*t (V n ,V n ) the restriction of the 
differential d of the cochain complex (C*(V n , V n ), d) to homogeneous components. 
Then the matrix of d$ for an arbitrary VE" is a block-triangular for some natural 
number I: 

( d\ * ... 
d 2 ... 



V 



d n -l j 



dim Ker d^ < dim Ker d. 



And we have the following estimates 
rank d* > rank d, 

In order to compute these ranks one may assume that ^ = ^, where G K 5 is 
the canonical represantative of the orbit O^, . 



Proposition 8.2 

(38) 



dimKer (d% : ©>o^)(Vn, V„) -> ©> C* ( 2 l) (V„, V„) 
dimKer (d : ©> C ( 1 i) (V„, V„) ©>oC ( 2 ) (V„, V, 
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dimO* = dimlm fd* : ® >0 Cf i) (V n , V„) -> ©> C ( 2 4) (V n , V„)) 



--n-2. 



One can easily verify that operators 

ad§(ei), ad$(e 2 ), . . . , ad§(e n _i), e„®e 2 , e n _i<g)e 2 + (ri-2)e„( 

(39) 2 , on 3 (»-2)(n-3) 3 
e„_ 2 ®e 2 + (n-3)e„(g>e d + ^ -e„(g>e d 

give the basis of Ker d 4 : ©> C ( 1 t) (V„, V„) -> ©> C ( 2 ) (V„, V„). 
Hence 

n(n— 1) 
2~ 

From the other hand the cocycles {-0 nj i|i=7, . . ., 11} span the tangent space to K 5 
in an arbitrary if, moreover {tpn,i} are linearly independent modulo Imd^ because 
{[^n,»]|*=7, ■ ■ •, 11} is the basis in © >0 -ff ( 2 i) (fl, fl). 

The variety can be regarded as a subvariety of the affine variety M n of n- 
dimensional nilpotent Lie algebras. There exists a GL„-action on J\f n by basis 
changes. Let us consider the set = {y G A/^|3^ €V n ,3g£ GL n , y — g*^}. 

Remark. In fact the Zariski closure of V„ in M n coincides with one of irreducible 
components of Af n that were discussed by Yu.Khakimdjanov in 

The GL„-action on V£ = {y G 7V„|3x G V n ,3g G GL n ,y = g * x} has singu- 
larities. Namely by the lemma I7~T1 the stabilizer [GL n )^ of a point ^ G K 5 C V n 
coincides with the stabilizer (G n )q, and we have 



dim(GL„)^, = 



n+2, if * ^ 0; 
ri+3, if § = 0. 



Remark. If \P = then one have to add the operator X)i=r ® e * to (|39|l in order 
to get a basis of the Lie algebra of the stabilizer (GL n )^,. 

Moreover, even for non-zero points ^ there are some particularities. Let \1/ be a 
generic point in K 5 , i.e. Xi ^ 0,Vi, then 

(GL n )^, = (G n )q, = (UT„)q,. 

But if K = C then for instance for ip — (1, 0, 0, 0, 0) we have 

{GL n )^ — (G n )q, = Jjn-ii k (UT n )q,, 

where Z„_n stands for the group of the roots of the unit: 

Zn-u = {a G C | a 11 ' 11 = 1} . 

It is interesting here to remark some parallels between our discussions and the 
theory of non-singular deformations, that was introduced in [H]. 

Definition 8.3 Let g be a Lie algebra with the comutator [, ]. Consider a 

formal one-parameter deformation 

[x, y] t = [x, y}+^2 afc ( x ' 

k>l 

of g. A deformation is called non-singular if there exists a formal one-parameter 
family of linear transformations 



ip t (x) = x + J2p k (x)t l 



i>i 
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of q and a formal (not necessarily invertible) parameter change u = u(t) which 
transform the deformation [x, y]t into a deformation 

[x,y]' u = [ x ^v\ + ^ a 'k{x 1 y)u k , (p^[ip t (x),y t {y)\ t = [x,y]' u{t) 

k>l 

with the cocycle a\ <G C ,2 (g,g) being not cohomologous to 0. Otherwise the defor- 
mation is called singular. 

We have already remarked that one can associate to an arbitrary Z>o-deformation 
"J = + ^2 + ^3 + ■ ■ • of V n the following one-parametric deformation: 

[x, y]f = [ar, y] + m{x, y) + t 2 ^ 2 (x, y) + ■ ■ ■ + t k 9 k {x, y) + . . . . 

One can also remark that in our case a formal deformation [a;,y]* is in fact a 
polynomial on t. 

Proposition 8.4. Let fix the isomorphism 0(UT n , V n ) = K 5 , n > 16, then a formal 
deformation [x,y)f corresponding to some Z>o- deformation ^ ofV n is non-singular 

5 

if and only if its orbit belongs to the union (J Oxi of coordinate lines Oxi in 
K 5 . 

Acting by corresponding ip t = id + tipi + t 2 ip 2 + ... we reduce our problem to a 
parameter change in 

*t = t n - u xiip n>n + t n - 10 x 2 t/j n , 1Q + ■■■ + t n - 7 x 5 ip n: r. 

If x\ 7^ then a parameter change u(t) = t n ~ 11 is possible iff x 2 = X3 = X4 — x$ = 
the other cases are treated in the same way. 

Remark. If n > 14 one can associate to an arbitrary deformation of the form 
$ = X)i=i Xi^n.ii-i a linear one-parameter deformation [,]' T of V n : 

[x,y]' T = [x,y] +r^(x,y). 

It follows from ^] = in C 3 (V„,V rl ). Evidently a linear one-parameter defor- 
mation [,]' T is non-singular iff "J 7^ 0. 

9. SYMPLECTIC STRUCTURES AND ONE-DIMENSIONAL CENTRAL EXTENSIONS 

First of all we are going to calculate H 2 (g) of an arbitrary Z >0 -deformation 
= (V„, [, ] + As we remarked in the section0]the canonical basis ei,e 2 , . . . ,e n 
of g = (V n , [, ] + \&) defines the filtration L of g: 

= L x q D L 2 g=Span(e 2 , e n ) D ■ ■ ■ D L n g=Span(e n ) D {0}, 

and L defines the filtration L of the cochain complex (C*(g), d). For the simplicity 
one can assume that = xiip n ^n + ■ ■ ■ +X5ip n ,7- Let us consider the corresponding 
to L spectral sequence that converges to H*(q). We recall also that 

E™=H^ ) ( g r L g)=H^ ) (V n ). 
We recall that the space H 2 (V n ) is 3-dimensional and it is spanned by classes 
g 5 = [e 2 Ae% g 7 = [e 2 Ae 5 - 3e 3 Ae 4 ], [fi„+i]=~[ £ tf-iJeW] 

i+j=n+l 



22 



DMITRI V. MILLIONSCHIKOV 



of weights 5, 7, n+1 respectively. It is evident that the classes [gs] and [gr] survive 
to the term E^ because d^e 1 = de z , i = 1, . . . , 7, \/^>. And the question is: does 
[O n _|_i] G E 1 2k > 2 + 3 survive to E^ ? 

Proposition 9.1. Let g = (V„, [,] + $) be a Lie algebra defined by the following 
deformation of V n : 

* = *n-ll H h *n-7 = ZlV>n,U H h Xf>i>n,7> 

Then in the spectral sequence E^ ,q the following properties hold on: 

1) d r = 0, r = 1,.. .,7i-12; 

2) E™ = E P {\ r = 2,..., Ti-ll; 

<5J d n _n(f2 n +i) = if and only if X\ =0. 

-//;ci = i/ien d r (0„_|_i) = Vr > 1, ie £/ie dass survive to the term 

Eoo- 

The differential d* of the cochain complex (C*(g*), d) has the form: 

d = do + K-u + ■■■ + K-7 = do + ariCn + • ■ ■ + *5<,7. 
where by 4"* and i/>* 3 - we denote the dual applications to \tj and ip n> j respectively 
and do stands for the differential of (C* (V n ) , do) ■ The items 1) and 2) of the 
proposition are evident and 

d n _ u ([n n+1 ]) = K_ n (a i+ i)] = nK,n(^+i)L 

On another hand one can compute ip^ n (f2 ra +i) explicitely: 
(40) 

-^, u (n„+i) = -C,H (("-^e 1 A e" + (n-3)e 2 A e™" 1 + • • • + (n-9)e 5 A e™" 4 ) = 
(ri-l)e 1 A (Zi(n-4)e 2 Ae 9 +Z2(n-4)e 3 Ae 8 +Z 3 (n-4)e 4 Ae 7 +Z 4 (n-4)e 5 Ae 6 ) + 
(n-3)e 2 A (Qi(n-4)e 2 Ae 8 + Q 2 (>-4)e 3 Ae 7 + Q 3 (n-4)e 4 Ae 6 ) + 
+ (n-5)e 3 A (Pi(n-4)e 2 Ae 7 + P 2 (>-4)e 3 Ae 6 + P 3 (n-4)e 4 Ae 5 ) + 

+ (n-7)e 4 A ^(e 2 Ae 6 - 2e 3 Ae 5 ) + +(n-9)e 5 A (e 2 Ae 5 - 3e 3 Ae 4 ) 

As it was shown in the Section [fj] this element is cohomologous to 

3_(n-12)(ri 2 -12n+59)(?i 2 -21n+116)[2e 2 Ae 3 Ae 7 -5e 2 Ae 4 Ae 6 +20e 3 Ae 4 Ae 5 l 

5544 J 

and it defines a non-trivial element in H 3 12 ^(V„) for n > 12. 
We can finish the proof by remark that 

E - n - 1+r > n - r+A = E -n-l+r,n-r+i = H f n+l _ r){Vn ) = 0, r > n - 11, 

because H^(V n ) = for all i < 12. Hence all other differentials of the spectral 
sequence 

d r : £-"-l.n+3 _ E -n-l+r,n-r+4 ) r > n _ n 

are trivial. 

Corollary 9.2. Leig = (V2fe, [, ]+\&) &e a Z>q- deformation ofV2k and (x\,X2, ■ ■ ■ ,£5) 
6e t/ie set of homogeneous coordinates of the UT n -orbit O^. Q admits a symplectic 
structure if and only if x\ = 0. 
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Corollary 9.3. If the orbit of a Z>o- deformation g = (V n , [, ] + \& has a non- 
zero first coordinate x\ ^ then: 

dimif 1 ^) = dimi/ 2 (g) = 2. 

Hence for a generic deformations g of V„ the Dixmier inequalities (see 
dimi/ 4 (g) > 2 are sharp for £ = 1,2. 

Recall that a one-dimensional central extension of a Lie algebra q is an exact 
sequence 

(41) O^K^fl^g^O 

of Lie algebras and their homomorphisms, in which the image of the homomorphism 
K — > § is contained in the center of the Lie algebra g. To the cocycle c G A 2 (g*) 
corresponds the extension 

-► K -> K © g -> fl -> 

where the Lie bracket in K © is defined by the formula 

{(X,g),(n,h)] = (c(g,h),[g,h}). 

It can be checked directly that the Jacobi identity for this Lie bracket is equivalent 
to c being cocycle and that to cohomologous cocycles correspond equivalent (in a 
obvious sense) extensions. 

Now let be a filiform Lie algebra, it has one-dimensional center Z(g) and we 
have the following one-dimensional central extension: 

-> K = Z(g) -» § - g/Z(g) -> 

where the quotient Lie algebra g/Z(g) is also filiform Lie algebra. Moreover, let 
ei, . . . , e n+ i be some adapted basis of § (Z(g) = Span(e n+ i j) and e 1 , . . . , e n+1 S 0* 
its dual basis. Then the forms e 1 , . . . , e™ can be regarded as the dual basis to the 
basis e\ + Z(g), . . . ,e n + Z(g) of g/Z(g) and the cocycle fl n +i — de n+1 determines 
this one-dimensional central extension. 

Proposition 9.4. Let g be a filiform Lie algebra and let its center Z(g) be spanned 
by some £ € Z(g). Then g taken from a one- dimensional central extension 

O^K^0^0^O 

with cocycle c € A 2 (0) is a filiform Lie algebra if and only if the restricted function 
/(•) = c(-,£) is non-trivial in g* . 

Corollary 9.5. Let g be a symplectic filiform Lie algebra and lu its symplectic form, 
then the one- dimensional central extension g with the cocycle c = lu will be also a 
filiform Lie algebra. 

Theorem 9.6. Letg = (V2fe+i, [,]+*) be Z>q- filtered deformation of V2k+i> where 

* = Xl1p2k+l,U H 1- Xs1p2k+1,7- 

Then g can be represented as a one- dimensional central extension of Z>o- filtered 
deformation gx = (V^fc, [,]+*) ofVik, where 

$ = Xi-0 2 fc,io + X 2 i>2k,9 + X 3 1p2k,S + X4,1p2k,7, X = (xi,X — 2, X 3 , X 4 ). 
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The cocycle Clx,x 5 that determines this one- dimensional central extension is equal 
to 

(42) 

i+j=2k+l 

n 2 fc,n = Z 1 (2fc-3)e 2 Ae 9 +Z2(2/c-3)e 3 Ae 8 +Z 3 (2/c-3)e 4 Ae 7 +Z4(2fc-3)e 5 Ae 6 , 

O 2 fe,io = Qi(2/c-2)e 2 Ae 8 + Q 2 (2/c-2)e 3 Ae 7 + Q 3 (2fc-2)e 4 Ae 6 , 

^ 2 fc,9 = Pi(2fc-l)e 2 Ae 7 + P 2 (2/c-l)e 3 Ae 6 + P 3 (2fc-l)e 4 Ae 5 , 
2fc— 1 

^2fe,8 = —2— (e 2 Ae 6 - 2e 3 Ae 5 ), n 2kJ = e 2 Ae 5 - 3e 3 Ae 4 . 

Definition 9.7. Let g, g be two symplectic Lie algebras, w s ,Wg be corresponding 
symplectic structures. A Lie algebras isomorphism / : g — ► g is called a symplecto- 
isomorphism / : (jj,w fl ) — > (fl,wg) if and only if u s = /*(wg). 

Theorem 9.8. Let g be a symplectic filtered deformation of V 2k , w g iis st/m- 
plectic structure. Then there exists a vector X = (x\, x 2 , x 3 , x 4 ) e K. 4 , x 5 G K such 
that the pair (g,u) 3 ) is symplecto-isomorphic to (gx,^x,x 5 ), where gx is one of the 
Lie algebras from the table below 



i + j 


gx: commutating relations [ej,ej], i < j 


3 < i + j < 6 


[e»,ej] = (j - i)e i+j 




[ei,e 6 ] = 5e 7 , 


7 


[e 2 , e&] = 3e7 + irie 2 fc_3 + a; 2 e 2 fe_ 2 + x 3 e 2 k-i + x 4 e n , 
[e 3 , e 4 ] = e7 - 3xie 2fc _ 3 - 3a; 2 e 2fe _ 2 - 3x 3 e 2fe _i - 3x 4 e„ ; 


8 


[ei,e 7 ] = 6e 8 , 

r 1 A i (2fe-4) . (2fe-3) . (2fc-2) 

[e 2 , e 6 J = 4e 8 + zi 2 V 2fc _ 2 + x 2 y 2 V 2fc _i + x 3 2 'e 2fc; 
[e 3 , e 5 ] = 2e 8 + xi(2fc-4)e 2fe _ 2 + ir 2 (2/c-3)e 2 fc_i + x z (2k-2)e 2k ; 


9 


[ei,e 8 ] = 7e 9 , 

[e 2 , e 7 ] = 5e 9 + ai ^'M^)^ + X2 W"')-^, 
[es, e 6 ] = 3e 9 - Xl «^"("r a )-3°) ^ _ X2 K^W^)-) ^ 

r , (13( 2 V 3 )-30( 2 V 3 )+60) (13( 2 V 2 )~30( 2 V 2 )+60) 

[e 4 , e 5 ] = e 9 - xi — 2 i e 2fe _i - x 2 — v ' 21 y ' e 2fe -i, 


10 


[ei, e 9 ] = 8ei , 
[ M ,a,] =fel o + x,' 3 '"-> 4 'y>- 4 '"- , "e it , 
[as, e 7 |=4e I „ + x,'("- ")-«<" f> +S <"'"»e», 
[e 1 ,e 6 ]=2e 10 + x, > 2 t-->- 2 °("- X,,, 


11 <i+j < 2fc 





and rfs corresponding symplectic form flx,x 5 is equal to 



^x,x 5 = 2 X] (j-i)^ Aej + x i^2k^i+x 2 ^2kSQ+X3^2k,9+X4fl 2 k,8+x 5 Q, 2k j. 

i+j=2k+l 
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2) A pair (gx, &x,x 5 ) is symplecto-isomorphic to (SY,^Y,y B ) if and only if there 
exist an a £ K* such that 

Vl = a n - 11 xi,y 2 = a"" 10 x 2 ,Z/3 = a n ~ 9 x 3 ,y 4 = a n ~ 8 x^y*, = a n ~ 7 x 5 . 

Remark. The previous theorem shows that all Z>o-deformations g of V2/C+1 are 
contact Lie algebras and gives their complete classification. An arbitrary sym- 
plectic Z >0 -deformations 3 of V^k can be obtained as quotient Lie algebra q/Z(q). 
This method of classification of symplecto-isomorphism classes of low-dimensional 
filiform Lie algebras was considered in |10| . 

Taking rational coordinates (x\, X2, ■ ■ • , X5) in the table above one will get a 
nilpotent Lie algebra q x with rational structure constants and hence due to the 
Malcev theorem (|14|) the corresponding simply connected nilpotent Lie group G 
has a cocompact lattice T. Thus one will get a family of examples of symplectic 
nilmanifolds M = G/T. 
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